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Nomenclature

Note: Units are used in which c=h = 1.

¢ speed of light

h Planck constant divided by 27

[, lab as a subscript, refers to lab frame

c, cm as a subscript, refers to center of mass frame

Aij flux factor for masses 7 and j

E; energy of particle 4

p; 3-momentum of particle ¢

Di 4-momentum of particle 4

q; 4-momentum of virtual particle j

M invariant amplitude

g coupling constant

913z coupling constant between particles 1, 3 and exchange particle
JrNN pion-nucleon coupling constant

JrNA pion-nucleon-delta coupling constant

JyNN electromagnetic coupling constant

m; mass of particle j

ma mass of the A particle

My mass of the pion

My mass of the exchange particle (e.g. = m, the pion)
my mass of the proton

mpy mass of a nucleon

T total decay width or rate

I'(4 — 56) partial decay width for exclusive decay 4 — 56

dar differential decay width

S statistical factor

o total cross section

o4 total cross section due to direct term

Oe total cross section due to exchange term

o; total cross section due to interference term

do infinitesimal element of differential cross section
do/dt invariant differential cross section

do/dQ angular distribution

do/dE; spectral distribution in terms of energy of particle ¢
do /dT} spectral distribution in terms of kinetic energy of particle j
N a nucleon

03 lab angle of particle 3 with respect to particle 1

O4c cm angle of particle 4 with respect to particle 1
3peak maximum angle of particle 3 with respect to particle 1
s, t, u mandelstam variables

to value of variable t at 6 =0

iii



tr value of variable t at 0 = 7

U value of variable u at § =0

Uy value of variable u at 0 = 7

Sy = Sthreshold, value of variable s at the reaction threshold
70 the neutral pion

AT the A baryon of charge +1

0% the photon

GeV mass energy unit, one billion electron volts
mb millibarns

pb picobarns

ST steradian, unit of solid angle

d®d- phase space factor for 2 particle final state
dd, phase space factor for n particle final state
dLips Lorentz invariant phase space factor

T mean lifetime

OPE one pion exchange

2 _ 4 2
Xmcf=y . m;

mi +m3 +mj + mj

v
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Abstract

A one pion exchange scalar model is used to calculate differential and total cross sec-
tions for pion production through nucleon-nucleon collisions. The collisions involve
intermediate delta particle production and decay to nucleons and a pion. The model
provides the basic theoretical framework for scalar field theory and can be applied to
particle production processes where the effects of spin can be neglected.

1 Introduction

An effort is underway to include meson production in the space radiation transport code known
as HZETRN. Previous work used high energy meson production models based on scaling [1,
2, 3, 4, 5]. These models yield nucleon, pion, and other particle production cross sections.
Basing the transport codes instead on fundamental models of hadronic interactions holds out
the prospect of providing unified and more versatile descriptions of the interactions of interest.
The quark - gluon model is the most fundamental, but its complexities are such that calculations
are more of a qualitative kind [6]. The present work is based on the meson exchange model of
hadronic (strong) interactions [6]. The model may be considered an effective quantum field
theory in which the exchange particle is the pion. In the model’s simplest form, all particles,
nucleons and exchange particles alike, are treated as scalar, spin zero particles. This version
of the model makes no distinction between proton and neutron other than by mass, but since
the masses are nearly equal, the mass of the proton is used throughout as the nucleon mass.
As a further simplification, only the pion is used as the exchange particle. This scalar one
pion exchange (OPE) model is used to determine the amplitudes, to first and second order in
coupling constants, of A decays and nucleon - nucleon (NN) interactions producing 2 - body
and 3 - body final states. The amplitudes are inserted into standard formulas derived from
Fermi’s golden rule to give differential decay widths for A — N7 and differential cross sections
for the elastic NN — NN and inelastic NN — NA interactions. Manipulation of the phase
space factor in the differential cross section leads to an expression for the invariant distribution,
a differential cross section that is a function of Mandelstam variable ¢. Changes of variable
lead to angular distributions in the center of momentum (cm) frame and angular and spectral
distributions in the lab frame. Of the various distributions, the invariant distribution reveals
itself to have a particularly simple form. Allowed ranges of variables are found, and integration
over the variables yields total cross sections.

2 Scattering for 2 - body final states

In 2 - body decay, the lowest order term in the scattering matrix has one vertex, and thus is
first order in the coupling constant g,nyn. In 2 - body scattering, the lowest order term in the
scattering matrix has two vertices, and thus is second order in the coupling constant. 2 - body
reactions will be represented as 1 + 2 — 3 + 4, where the numbers represent particles. Both
decay and scattering processes have a 2 - body final state. In this section, the basic formalism
for calculating 2 - body final state cross sections is presented.



2.1 Scattering amplitude from Feynman rules

In this subsection, it will be shown how to generate a scattering amplitude from a set of Feynman
rules. This amplitude is the basic input to physical observables, such as cross sections and decay
rates. The Feynman rules used below apply to a set of particles that are scalars. Griffiths [7]
labels the particles as A, B, C each with different masses. The exchange particle is particle C.
We consider the Feynman rules for the scalar ABC' theory of Griffiths [7]. The rules of Peskin
and Schroeder [8] and Griffiths [7] are the same except that Griffiths has rules leading to the
invariant amplitude —iM, whereas Peskin and Schroeder have the rules giving +iM. This
discrepancy is due to different definitions relating the S-matrix to the invariant amplitude. We
follow the convention of Peskin and Schroeder in the present work. Another difference is that
Peskin and Schroeder always include a factor ie in the denominator of propagators. We include
this factor in the form ¢mI" in the case of A decay to account for the decay width. The Feynman
rules are now discussed. The quantity

iM(27)* 6% (p1 + pa —ps — pa--- — pn) , (1)
is given by the following rules [7, 8] for scalar ABC' theory [7].

1. Notation. Label the incoming 4-momenta as p; and p2, and the outgoing momenta as
P3, P4 - pn. Label the internal 4-momenta as g1, ¢o . ... Put arrows on each line to conserve
current, which identify incoming and outgoing particles.

2. Coupling constant. For each vertex, write down a factor

where g is the coupling constant. (In our simple scalar theory, this has dimensions of GeV,
but in realistic theories g is always dimensionless. In the theory of Quantum Electrody-
namics, ¢ is the fine structure constant o = 1/137.)

3. Propagator. For each internal line, write a factor

1
2 _ 2 -
q; mj—l—ze

where g; is the 4-momentum of the internal particle and m; is its mass. Note that qu #* m?,
because the internal particle is virtual and does not obey the Einstein relation, p? = m?.
We say that such a particle is off mass shell. Also, as mentioned above, the factor ie is

omitted except in the case where decay width is significant.

4. Conservation of 4-momentum. At each vertex, write a delta function of the form
(2m)*6* (k1 + k2 + k3)

where the k's are the 4-momenta flowing into the vertex. If the particle flows out, then &
should have a negative sign in front.



5. Integrate over internal momenta. For each internal line, write down a factor

1
(27r)4d 4

and integrate over all internal momenta.

2.2 Decay width from Feynman rules

Most baryons decay into a final set of particles. Therefore, it is important to be able to describe
this decay. This subsection shows how to calculate the decay width from Feynman rules. The
Feynman rules may be used to calculate the decay width of particle 3 decaying, as in the reaction

3142, (2)

The Feynman diagram for this reaction is shown in figure 1. This diagram is particularly easy
to evaluate since there are no internal lines. Applying the Feynman rules to the lowest order
diagram (see Griffiths [7]), gives

iM@2m) 6 (1 —p2 —p3) = (—ig)(2m)'0" (1 —p2 — p3) (3)
and canceling terms gives

M=—g. (4)

P1 P,

Ps

Figure 1: Lowest order contribution to the decay 3 — 1+ 2.

Step 5 in section 2.1 is not needed because there are no internal particles for the first order
decay. Substituting equation (4) into equation 6.30 of Reference [7] gives

1 g@yaS

== =
T 167Tm§

4 4 4 2,2 2,2 2,2
\/ml +m5 + ms — 2mims — 2mims — 2msms (5)

where g = g nA.



2.3 Scattering via massive exchange particle

In this section, we consider scattering by means of an exchange particle with mass m > 0.
Since the exchange particle is a virtual particle, its mass is allowed to be off-shell. In the case
of the pion, this means that the square of the 4-momentum transferred by the virtual pion
t = (p1 — p3)? is in general not equal to the squared mass of a real pion, t # m2. In treating
the reaction NN — NA, the ABC theory is simply expanded to include two types of vertices,

along with their respective coupling constants: NNz and NAm.

2.3.1 Amplitude
Consider the reaction
142 —-3+4,

with the diagram shown in figure 2. The particles have masses m1, mo, ms and my, respectively,
and the mass of the intermediate exchange particle is m,. Applying the Feynman rules to the
lowest order diagram (see Reference [7]), gives the direct amplitude as

iMa(2m)*6* (p1 + p2 — p3 — pa)

) dq 1
= (—1)*91309242 / WW<2W)464(})1 —p3 — q)(2m)*0*(q + p2 — pa)
x
—— ! 2 )45 (p1 — _ 6
= T P 5 (2m)°0%(p1 —p3 +p2 —pa) (6)
xT
and canceling terms gives
9132924z
Ma=—""——05, (7)
t—m?2

where t = (p; — p3)2.

Figure 2: Lowest order contribution to the reaction 1 + 2 — 3 4+ 4.

The exchange term is shown in figure 3 and is given by

9142923 9142923«
M, = = , (8)
T (p—pa)?— m2 u—m3

4



where u = (p; — p4)?. The plus sign of the exchange term in equation (8) is consistent with the
scalar theory in which all particles are spin 0 bosons with wave functions that commute. Had
spin been considered, then for the case of nucleon scattering, in which the nucleons are fermions
with spin 1/2, the exchange term in equation (8) would have taken on a minus sign reflecting
the fact that the wave functions of the two fermions anti-commute [8] (p. 119).

Figure 3: Exchange term of reaction 1+ 2 — 3 + 4.

For the reaction NN — NN, the direct and exchange terms are physically indistinguish-
able in so much as the energies and exit angles of a final state particle are the same for both
terms. According to the rules of quantum mechanics, the probability (i.e. cross section) to
produce the final state particles is determined by first adding the amplitudes of the two terms,
and then squaring the complete amplitude, (rather than the reverse, as would be the case for
distinguishable final states [9] (p. 10).

Table 1: Values of ¢t and u for 03,4, = 0.4

Es104(GeV) t(GeV?) u(GeV?)
2.98 - 2.07 -3.19
1.30 - 95.23 - 0.035

For each energy, there is a unique value of ¢ that determines that energy. This value of ¢
represents the direct term. There is also a unique value of u that determines that energy. See
Table 1. This value of u represents the exchange term. The invariant amplitude M consists of
the sum of direct (t-channel) and exchange (u-channel) terms and is finally

M= Mg+ M, = _91333924; i gl4z9232z ‘ 9)
t—mg u — ms,




The Mandelstam variables s, t, u satisfy

4
s—l—t—l—u:m%—i-m%—l—m%%—mizzm?527712, (10)
=1

where s = (p; + p2)2.

2.3.2 Invariant ¢ distribution

Final formulas for the Lorentz invariant angular cross sections will now be presented. Reference
[10] gives

dﬁ - S | ‘2 _ S 9132924z | 9142923z 2 (11)
dt 167T)\12 167T)\12 t— m:% u — m% ’
with
Nij = (s —m? — m?)2 - 4mgm? . (12)

The direct, exchange, and interference terms are

@ — S | |2 — ) 9%3369%4&: (13)
dt 16’7‘1’)\12 1671’)\12 (t — m%)z ’
do. S 2 S Gl
= — = 14
dt 1671')\12 |Me| 167‘1’)\12 (u - m:%)Q ’ ( )
do; S 2 S S 20132924291429234
= p IMIM, = . 15
dt 167T)\12 ’ Z| 167T)\12 d © 167T/\12 (t — mg)(u — m:%) ( )
For future purposes, we write these more simply as
dog K
a0 16
dt (t —m2)2”’ (16)
do. K
= — 17
dt (u—m2)? (17)
do; 2K
T 18
i = GemDu—md) 18)
with the definition
S S g2 g2
K=K(s) = 2 2 _ 132924z 19
(s) 167 Ay 1309242 167[(s — m? — m32)2 — 4m2m3]’ (19)
which assumes
923z = 913z » (20)
924z = 14z - (21)



This equivalence of coupling constants between the direct and exchange terms assumes particles
1 and 2 are the same. This is the case for the following discussions in which the particles are

2 2

both nucleons. K (s) has a singularity when (s —m? — m3)? — 4m$m3 = 0, and it will turn out
that this gets canceled by other terms. See the note following equation (111).

Elastic scattering (e.g. NN — NN)

Consider the example of the reaction NN — NN where the exchange particle is a pion,

g13x =
mi

My

S:

which gives

924z = gNN=n = 9rNN
mo = Mms3 = M4 = My ,

My =M,

1/2,

A2 = s(s — 4m%\;) ,

and

S

K=——
1671')\129

Inelastic scattering (e.g. NN — NA)

Consider the example of the reaction NN — NA where the exchange particle is a pion,

913z
924z
my
my
My

S
which gives
A2 = s(s — 4m?\7) ,

and

S

K=_°
16mA 5 !

2 2
132924z —

4
9rNN
327s(s — Am%)

gNN7m = gnNN ,

IgNAT = gaNA
mog =Mm3 =mpy ,

= mAa 5
= mz=m,
(same as elastic case),
2 2
2 _ _ 9aNNYIxNA
32924z =

16ms(s — 4m%;)



2.3.3 Spectral distribution in the lab frame

The spectral distributions do/dFEy and do/dTy are obtained from the invariant distribution
(11) by expressing t and u in terms of Ejy;, the energy of particle 4 in the lab frame, or in terms
of Ty, the kinetic energy. Expanding

t=(p2—pa)?, (36)

and noting that in the lab frame Fo = mqy and p2 = 0, gives

t =m3+m3 — 2maEy (37)

and
u=Xm?—s—mi—mi+2myEy, (38)

with
Ym? =m3 +m3 +mi+m3 . (39)

Both ¢ and u are expressed in terms of Ty by the substitution Ey = Ty + my4, as in

t=m3 +mj — 2ma(Ty + my) , (40)

u=3m?—s—m3—m3+2my(Ty +my) . (41)

The range of possible values of Ey; and Ty; are bound by their minimum and maximum values,

which are in turn found by inverting the preceding formulas [10] and substituting ¢ty and ¢, for ¢

from equation (56), which is listed later in this paper. The above formulas for ¢ and u can now
be used to generate do/dEy and do/dTy; from do/dt and do/du.

2.3.4 Angular distribution in the cm frame

The angular distribution is formed by substituting the expression for M given by equation (9)
[10] and by expressing ¢ and u in terms of angle #. For a 2 - body final state, this is done
by writing the momenta ps and p4 in terms of the initial energy in the form of s and A. The
denominator in the direct term in equation (7) contains

t (pa — pa)?

= m}+m3 —2y/p3 + m3/pd + m3 + 2pal[pa| cos

= mj+m3— 2, /pfccm + m3i\/Pley + M3 + 2|Dfeml|Picm|cos®  (cm frame)
1

= mg + m?l + % [— \/()\12 + 4sm%)()\34 + 4sm?1) + vV A2A34cos0| (42)




where pjem = p1 = —p2 and Pyen = P3 = —P4 are the initial and final 3-momenta of the
particles in the cm frame. The denominator in the exchange term in equation (8) contains

u = (p3— p2)2
= m2+m3— 2E3FE; + 2p3.po

= mj+mj — 2E3F> — 2py.p2 (because p3 + pg = 0 in cm frame)

= mi+ms— 2\/pi + mg\/p% +m3 — 2|p4||p2| cos 0 (in cm frame)

= m% +m3 — 2\/p?ccm + mg\/p?cm +m2 — 2|pfeml|Picm|cos@  (in cm frame)
Ym?—s—t, (43)

where 6 is the angle between ps and py in the cm frame. The angular distribution becomes [10]

do S A34
O = o me
dQ4 cm 647T S AIQ
S i [g1909300 1200342 ]
_ N34 44
64m2s Alg[t—m%+u—m% ’ (44)
with the definitions
1
t = m% + mi + ?8 |:— \/()\12 + 4Sm%)(>\34 + 48mi) 4+ 4/ A12A34 COS 9:| , (45)
and
uw=Ym?—s—t. (46)

In the cm frame, the angular distributions of particles 3 and 4 are equivalent [10].
do/dQse = do /dQye . (47)

Comparing equation (11) with equations (44) and (45), the differential cross sections take a
simpler form when written in terms of the Mandelstam variables s, ¢ and u, instead of the
momentum |p| and angle 6.

2.3.5 Angular distribution in the lab frame

The angular distribution in the lab frame may be expressed in terms of the angular distribution
in the cm frame [10],

Aoty pullps =
ds; V234 | By +mg — }g;IE?’l cos ] Athae
__Amas 2\/@ (E3 —m3)*/ do (48)

vV )\12)\34 ‘Egl(m% + m% + m§ — mi + 2E1m2) — ng(El + mg)‘ dngc '

9



For computational purposes, both E3; and do/d€;3., which contain ¢, may be written as func-
tions of #13; and the energy of particle 1 in the lab frame Ey; (instead of s), by using the following
relations for s(Ey;) and t(Ey, 63;),

s(Ey) =mi +m3 +2E1ms (49)
and
t(Er,03) = m3 — m3 + 2mo[E3(E1, 03) — Ey) . (50)

The expression for s is found by expanding s = (p1; + p2;)? and noting that in the lab frame
p2 = 0 and E9 = mgo. The expression for ¢ is found, following reference [10], by expanding
t = (p2 — p4)? and eliminating Ey; using conservation of energy, Ey = E1; +ma — E3. Then [10]

ab £ \/E%, — m3 cos(03)1/a? — m3[b? — (E%, — m3)cos?(03)]
By (B, 01) = - \2/ - - G
b2 — (B3, — m#)cos?(0s)

where
2 2
a = m ’ (52)
2
and
b=FEy+msy. (53)

Note the double valued nature of the energy expression (51). A discussion of how to handle this
in computations is discussed in reference [10].
2.3.6 Singularities
The differential cross sections in equations (16), (17), and (18) have singularities at

t=m?, (54)
and

u=m?, (55)

where m = m,. In this section, we show that these singularities are never encountered for
physical values of ¢t and u. The formulas derived in reference [10] for the extreme values of ¢
denoted as tg = t(0 = 0) and t, = t(0 = 7), are

1
toltx) = - | (m} —m3 —m3 +md? — (Va2 F VAar)?] - (56)

The symbol F means that a negative sign is used for tg and a positive sign is used for ¢,. A
useful result is the following equation.

1
uy — tr = ug —to = g(m% —m3)(m3 —m3) . (57)
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Thus, for the reaction NN — anything, we have

uyg = tw, (58)
Ur = to. (59)

We now consider the two cases of elastic and inelastic scattering.

Elastic scattering (e.g. NN — NN)

For the case of mq = my = mg = mg4 = my, the threshold value of s, denoted s; is

s = 4m3; . (60)
The equal masses case gives
A2 = A3g = s(s — 8¢) = s(s — 4m%) . (61)
By equation (56),
to = 0 (62)
and
tr = Ss—s=4m% —s. (63)

Clearly, to has a fixed value, but the value of t; depends on s. The minimum value of s is
St = 4m?\, and so the minimum and maximum values of ¢, are

thin(s - 00) = —o0 (64)
and
% (s=s) = 0, (65)
and so the range of ¢, is
tr:—00—0. (66)

Clearly, the singularity value ¢ = m? is never encountered when ¢ ranges between ¢y and .

Now, consider the singularity at u = m?, where s+t +u = m? +m3 + mg +m3? = 4m?v = 5.
Thus, u = 4m%\, —s—t=s8; —s—t. The extremum values of u can be obtained with equation
(59). Thus, the extremum values of u are the (opposite) extremum values of t. Given that the
singularity value t = m? is never encountered when ¢ ranges between ty and t, it follows that
the singularity value u = m? is never encountered when u ranges between ug and uy.

11



Inelastic scattering (e.g. NN — NA)

For the case of mq = my = m3 = my and my = ma, the threshold value of s, denoted s; is

st = (my +ma)? (67)
and
Ao = s(s—4m%) (same as elastic case) (68)
and
31 = (s —m% —mA)% —4mimA . (69)
One uses equation (56) to obtain
to(tz) = 2%3 s(mA + 3m3 —s) £ \/s(s - 4m?\,)\/(s —m3 —m%)? —4m3mi | (70)

The symbol 4+ means that a + sign is used for ¢y and a — sign is used for ¢,. The minimum and
maximum values of ¢y are

tﬁnin(s =s) = my(my—ma) (71)
and
(s —0) = 0, (72)
giving the range of £y as
to : my(my —ma) — 0. (73)

Note that if we had mpy in place of ma, these results reduce to equation (62). The minimum
and maximum values of ¢, are

thin(s — 00) = —o0 (74)
and
taxX(s = 5,) = my(my —ma) = ton (75)
giving the range of ¢, as
tr 1 —00 = my(my —ma) . (76)

If we had my in place of ma, these results reduce to equations (64), (65), and (66). Clearly,
the singularity value ¢t = m? is never encountered when t ranges between ty and t.

Now consider the singularity at v = m?. The extremum values of u can be obtained with
equation (59). Thus, the extremum values of u are the (opposite) extremum values of ¢. Given
that the singularity value t = m? is never encountered when t ranges between ty and t., then

the singularity value u = m? is never encountered when u ranges between ug and .

12



2.4 Scattering via zero-mass exchange particle

In this section, we consider scattering by means of an exchange particle with mass m = 0. By
setting the coupling constant g = g,y = a ~ 1/137, the exchange particle becomes the photon,
except that in keeping with the scalar model, the photon is treated not as a spin 1 particle,
but as a scalar. In the next section, both the elastic NN — NN (Rutherford) and inelastic
NN — NA cases are examined numerically. The formalism developed in the preceding sections
gives the well known differential cross section for Rutherford scattering, which is characterized
by gi13: = go4z = ¢, the exchange particle mass m, = 0, and in the general case m; = mgs
and mg = my (i.e. elastic scattering). In our special case, for simplicity we make the further
restriction m; = mg = M, so that, in the cm frame, |pi| = |p2| = |p3| = |p4| = |Pem| = |P]-
AISO, E1 = EQ = E3 = E4 =F. Thus,

t=(ps—p2)> = mj+m3—2E.Fs+2py - po
= 2M? —2E? 4+ 2p®cosf
= 2(—p? +p?cosh) = —2p*(1 — cosb)

= —2—2(1 —cosf), (77)
where, by equation (12),
A= A(s, M?, M?) = s(s — 4M?) = 4sp? . (78)
Also,
w=(p3—p2)® = mj+mj—2E3E +2p3 - po

= mj+mj—2E3E — 2ps - po
A
= —2—8(1 + cos @) . (79)

Thus, by equation (9), the invariant amplitude, with m, = 0, is

1 1 1 1
el - it
Tt T I s =127 " (05— )2
259> 1 1
D) (1—C089+1+C089)
_ 45g>
~ Jsin?6
4g°
= ) 80
(s — 4M?)sin 0 (80)
Equation (44) becomes
4
do S M2 = S 16g (81)
dQem 64725 647m2s (s — 4M?2)2sin* 9’
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giving the Rutherford formula (with S = 1/2!) as

do S 2 94
= oM™= 2\24ind g (82)
dQem 647m2s 8m2s(s — 4M?)?sin" 4
This agrees with Griffiths [7] (equation 6.54), as can be seen using s = 4E? and p? = 3 =
8(317?42) = %(s —4M?). The classical and quantum mechanical results for do/d2 exhibit several

differences (compare Griffiths [7] equation 6.54 with p. 194). The classical result for Rutherford
scattering typically encountered (e.g. Griffiths [7] (p. 194), or Goldstein [11] (equation 3.102)
depends on /2 rather than 6. This difference of a factor of 2 is due to the fact that the classical
calculation is usually performed in the lab (target) frame, whereas the present calculation is
performed in the cm frame. In the non-relativistic limit, for the case of all particles having the
same mass, we have precisely 045 = 0cm /2. See Marion [12] (equation 9.71).

The classical and quantum mechanical results for do/dQ) also differ by an overall factor of
2. This well known difference arises from the quantum mechanical description of a particle as a
wave packet, versus the classical description of particles as having finite extent (see Bohm [13]
sections 17 and 49 for a discussion). As expected, the Rutherford formula diverges at s = 0
and s = 4M?, just as the formula of Griffiths [7] which diverges at E = 0 or p> = 0. Since
s = (p1 + p2)?, the value of s in the cm frame is s = (E; + E5)?, which has a minimum value at
s = 4M? for m; = mg = M. Thus, the singularity at s = 4M? is the same as the singularity
at p> = 0. As for the case s = 0, this value is never reached because the minimum value of s
is 4M?. Similarly, the value E = 0 is never reached because the minimum value of E is M. As
mentioned in the previous section, the equation for the angular distribution is much simpler if
Mandelstam variables are used instead of angle,

d Sg* 1 1
— = G+
dQem 64m2s 't  w

(83)
with u = 4M?% — s — ¢.

2.5 Total cross section

In this subsection the previous differential cross sections will be integrated to form total cross
sections. The total cross sections are obtained by integrating [10]

o do
= dt — 84
= a (34)
or
Um do
= du — . 85
o /u 0 u (85)

The expressions for the direct, exchange, and interference t distributions were given in equations
(16), (17) and (18). The total cross sections can be obtained with straightforward analytic
integration. The direct cross section is

fo K 1 "
- it — = K| 86
7a / (= m2)? [t—mJ ’ (86)
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giving

O'd:K<t
™

The exchange cross section is

1 1
_m2 to—m2 :

to K
Oe = /tw dt 7(u—m2)2
= ! dt K = ! dt K
. (Zm?—s—t—m?2)? . (t+s—YXm2+m?2)?

1

to
-K
[t—l—s— Ym? —|—m2]tw

1 1
- K _
<tﬁ+s—2m2+m2 t0+3—2m2+m2>

1
= K
(t,r—m2

giving

1
to—m2 ’

O¢ = 0q -

(87)

(88)

(89)

Thus, the direct and exchange total cross sections are equal. Note that this result is more easily

obtained by direct integration of the u variable. Since du = —dt, and using (59), we have

Oe¢

Ug K
= du ————=
/uo (u—m?)?
to K
= dt ————= .
IR

0d

Now consider integration of the interference term given in equation (18).

dO‘Z‘

2K

2K

dt (t — m2)(

T (t—m2)(—t+Sm?—s—m?)
2K

u —m?)

—t2 4+ t(XEm? — s) + m%(s — Em? + m?)

The needed integral is of the form [14]

dx 2 -1
= 2 _ta =)
/am2—|—b:p—|—c Viac — b2 " <\/4ac—62>

1

2
ar +b for b2 — 4ac < 0,

-1
ar + %b

1
\/ b2 — 4ac, o8

2ax + b — Vb% — dac
2ax + b+ Vb? — dac

, for b2 — dac = 0.

) . for b® — 4ac > 0,
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Note that if b = 0, the result of equation (92) reduces to the correct form for both cases of the
tan~! or log. However, if a = 0 or ¢ = 0, the result of equation (92) does not reduce to the
correct form. In fact, for a = 0, we have [14]

dz 1
= —log(b 93
[ = sl (99)
and for ¢ = 0 we have [14]
dz 1 x
— = -1 . 94
/ax2+bx b0g<ax+b> (94)
For our case, we have
a=-1 b=Ym?—s c=m?%(s — ¥m? +m?) , (95)

and we never come across the situation where a = 0 or ¢ = 0. The minimum value of ¢ occurs
- _ 2
at 8 = Sthreshold = (m3 + m4) . ThU.S,

Cmin = m?[(m3 +ma)® —mi —m3 —m3 —mj +m’]
= m?— (mq — mg)2 + 2(mgmyg — mima) , (96)
but since we always have mgm4 > mime, then
Cmin = m* = (mg —mg)?, (97)
giving
m=mgz > |mi—mg| => ¢>0. (98)

Thus, we can conceivably run across the case where ¢ = 0. Now we can have b = 0 at s = Ym?
but that is no problem because, in that case, the integral above reduces to the correct form.
Given that the result depends on the value of b? — 4ac, we need to evaluate this quantity for the
expression in equation (91), with the result that

b2 —dac = (Im? —s)? +4m*(s — Zm? +m?) . (99)

Define 5 = s — ¥m? 4+ m? so that s — ¥m? = 5 — m?, to give

b —dac = (5—m?*)?+4m?s =5 +2m?5s+m*,
= (5+m?)? (100)
which finally gives
b —dac = (s—Xm?+2m?)?, (101)

which, being a square, always gives

b —4dac>0. (102)
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Following a similar analysis for ¢ above we have

(b —4ac)min = [(m3 +m4)* —m?3 —m3 —mi —m3 + 2m?)?

= [2m? — (my — m2)? + 2(m3myg — mima)]?,

but since we always have mgm4 > mime, then
(b? — 4aC)min > [2m* — (my — mp)?)?,
giving

V2m > |my —may| => b?—4ac>0.

(103)

(104)

(105)

Thus, we can conceivably run across the case where b2 —4ac = 0. The following analysis assumes

that ¢ # 0 and b? — 4ac # 0. The total interference cross section is given by

to 2K
o; = / dt 5
. —t2+t(Em? —s) + m?(s — ¥m? + m?)
B 2K | t+s—Sm2+m2]
s —3m2+2m? & t —m?2 tw’
which becomes

2K 1 (tr —m?)(to + s — Im? + m?)
g; = (0] .

Y s —Ym?2 4 2m?2 g(to—mQ)(tﬂ—Fs—Em?—sz)

Elastic scattering (e.g. NN — NN)

For the reaction NN — NN, we obtain

o = 07
tr = 4mi —s,

which, upon substitution into equation (87), gives

1 1
= K-
7d <m2 s —4m3, +m2)

giNN 1 1
327s(s —4Am3) \m?  s—4m3, +m? )’

which simplifies to

4
9NN ‘
32rm2s(s — 4m%; + m?)

Oq =

17
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(107)

(108)
(109)

(110)
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Note that the minimum value of s is st = Sthreshold = (M3 —|—m4)2 = 4m?\, and so the cross section
has no singularities. The largest value of o occurs at s = s;.

4 4
9rNN_ _ __ 9NN
32mmis;  128mmEm3;

1 4
_ gnNN
8mm3; < 2m >

N <9”NN>4. (112)

2
drm3; \ 2my

oa(s — s¢) =

The other important limit is
o4(s — o0) = 0. (113)

Recall (89), which showed that the direct and exchange total cross sections are the same. The
sum of direct and exchange maximum values is

28 drNN 4
max max —
7a ¥ 4mm?3, ( 2my

_ (g’TNN)4. (114)

4rmi; \ 2my

The interference cross section is given by substitution into equation (107),

o 2K 1 (4m3, — s — m2)(s — 4m% + m2)
o = 2 2 08 2 (42 2 2
s —4m%; +2m2 —m2Z(4my — s+ s —4mz, +m2)
AK — 4m3 2
_ : o <Smg+m> 7 (115)
s —4my; + 2mz ms
which is
4 A2 2
S 2gﬂNN i . logs m]\;—i-m
8ms(s — 4my ) (s — 4m3; + 2m?) m
—4 2 2 1 —4 2 2
= dggm? SN T S log SN M (116)
s —4m3 +2m? s —4m3; m

This cross section has a potential threshold singularity at s = s; = 4m§\,, which comes from
4

the term K = K(s) = 167;97)\129%39:9%% = Wf% The singularity was canceled out in our

previous expression for o4 in equations (110) and (111). Clearly, we need to evaluate the term
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(5_18t) log 5“”‘5’”2 near s = s;. Consider the following Taylor series expansion [14] (p. 111)
1 s — s +m? 1 S — S
1 = 1 1
e () = e e (e
1 . _ 5— 58
= log(1 + z) with x = —
_ 1 x? n ozt n
T mE \" T2 3 4
1 x 2 a3
= —(1-Z4+ - ... 117
m? < 2 T3 T > ’ (117)
which gives
1 s — ¢ +m? 1
li 1 = —. 118
sl—{glt (S — St> 8 < m2 ) m2 ( )

Substituting into the above expression gives the interference cross section at threshold s = sy,

max
g;

=0i(s = s) = 207
— gy gmex (119)

which is an interesting result because it shows that in the low energy limit, the interference term
dominates. The other important limit is

oi(s —00)=0. (120)

Inelastic scattering (e.g. NN — NA)

For the NN — NA reaction, we obtain from equation (56)

1
to(tz) = % [s(mQA +3m3 —s) £ \/s(s —4m¥)) \/(mzA +m3 —s)2—4mimi | . (121)

Substituting gives

g72rNNg72rNA \/(5 - m2A - m%\/)2 - 4m2Am?V
o= . (22)

16m/s(s — 4m%) [s*m? + sm?(m? — mA — 3m%,) + (m% — maAmy)?]

2 9
IxNNIxNA
4ms(s — Am%) (s 4+ 2m? — m% — 3m¥))

s(s+2m? —mA —3m%) + \/s(s - 4m?\,)\/(s —m3 —m%)? — 4miAm3,

x log

s(s+2m? —m3 —3m%) — \/s(s - 4m?\,)\/(3 —m3i —m%)? — dmimi

(123)
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Note that if one replaces the A mass with the nucleon mass, these results reduce to the elastic
formulas obtained previously (except for the statistical factor S). Also note the following limits.

04q(5 — Sthreshold) = 0q(s —00) =0, (124)
0i(8 = Sthreshold) = 0i(s —00) =0. (125)

2.5.1 Asymptotic region

We now consider a theoretical check of our cross section result. The Froissart theorem [15] (p.
344) states that in the high energy limit s — oo, the total cross section of an arbitrary collision
process is bounded by

oot < Constant x [log 5]2 . (126)

For the elastic pp — pp and inelastic processes pp — pA™, allowing s to become large leads to
equations (113), (120), (124) and (125), which shows that the total cross sections predicted by
the scalar OPE model go to zero in the high energy limit, in agreement with the theorem.

3 Calculations for 2 - body final states

The previous section developed the basic theory for calculating 2 - body final state cross sections.
In the present section, these cross section formulas are illustrated with numerical results and
plots for the scattering processes pp — pp and pp — pA, and the decay A — pr.

3.1 Coupling constants

In this subsection, some comments will be made about coupling constants. In quantum field
theories, the coupling “constants” are in fact not constants, but depend on the momentum p of
the interaction, thus g.nn = g=nn(p) [7] (p. 62), [16] (pp. 146 - 151). From the perspective
of the quark model, g,nyn hides the underlying quark-gluon interactions, whose strengths are
a function of the momentum of the quark-gluon interactions. The low energy pion-nucleon
coupling constant grnyn has been experimentally determined to be [17]

Gann/4m 14, (127)

for the coupling of neutral pions to protons and neutrons. The coupling of charged pions is a
factor v/2 stronger [18] (p. 184); [19] (p. 219). In quantum field theories where spin is taken
into account, the coupling constants are dimensionless. However, in the scalar OPE theory the
coupling constants must have dimensions of GeV [7] (p. 202).

3.2 Calculations for scattering involving a massive exchange particle

The exchange particle is always either massive or massless, and quite different behaviors in cross
sections arise as a result. In this subsection, we give results for massive particle exchange.
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3.2.1 Minimum and maximum values of ¢

Consider the reactions pp — pp and pp — pA™. We ignore the particle spins and assume that
the exchange particle is a neutral pion in both cases. This is consistent with the use of a scalar
theory, in that other pion isospin states are not included. Also, the use of a single pion exchange,
as opposed to multiple exchanges, is an approximation expected to be valid at low energy. At
higher energy, multiple exchanges can be introduced, or parameters, such as coupling constants,
can be adjusted to fit data. Using the following particle masses m, = 938.27 MeV,m, = m o =
134.98 MeV,ma+ = 1232 MeV, we wish to calculate the value of Ccll—‘;, in units of mb/GeV? for
both reactions at s = 28tnreshold (twice the threshold to produce the A) for the maximum and
minimum values of ¢ given by (56)

toltn) = - [(md = m3 —md+md? — (Vi — ()Vwr)?] (128)

The notation ¢, is bound to be a little confusing given the the particle we are talking about is
the pion with symbol 7. The symbol ¢, refers to the value of the ¢ variable at the angle of 7 radi-
ans. We obtain the following results. For the reaction pp — pp, we calculate the following results.

Sthreshold = 9.92 G6V2 5 (129)
t0(25threshold) = 0 G6V2 5 (130)
tﬂ-(ZSthreshold) = —-3.52 GeV2 y (131)
do mb
E(S = 2Sthreshold; t = o) = 14700 GovZ (132)
do mb
E“ = 28hreshold, t = tx) = 14700 G (133)

For the reaction pp — pA™, we calculate the following results.

Sthreshold = 4.71 G6V2 s (134)
to(2threshold) = —0.00723 GeV? , (135)
71-71’(25threshold) = —5.25 G€V2 5 (136)
do mb
— (8 = 2S¢hresho b =1 = 6720 ——= s 137
7t (5 = 25¢hreshold 0) oV (137)
do mb
—(s=2 resho. 7t =iz - 20 — . 1
77 (8 = 2Sthreshold ) 6720 =7 (138)

The cross sections are the same at the values of tg and ¢, because the center of momentum
frame does not distinguish forward and backward scattering.

3.2.2 Singularities

The invariant amplitude M in equation (9) has singularities at t = m2 and u = m2. These
singularities are not encountered for the reactions considered above. To show this, we evaluate

t at the singularities and compare to the values of ¢y and ¢, for the case of s = 2Sthreshold-
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Results for the reaction pp — pp are

Sthreshold = 3.5214 GeV? (139)
t0(2Sthreshola) = 0 GeV? (140)
tr(25threshold) = —3.5214 GeV? . (141)

The ¢ singularity occurs at
t =m2 = 0.0182196 GeV? . (142)

The u singularity occurs at
w=m3+ms+mi+mi—m2—s—t=—-353962 GeV?. (143)

For these maximum and minimum values of ¢ (¢ and ), the singularities are never encountered.
Results for the reaction pp — pA™ are

Sthreshold = 4.71007 GeV?2 , (144)
t0(25threshold) = —0.00722818 GeV? (145)
tr(28threshold) = —5.25404 GeV? . (146)

The ¢ singularity occurs at
t=m?2 = 0.0182196 GeV? . (147)

The u singularity occurs at
u=m3+ms+mi+mi—m2—s—t=—527949 GeV?2. (148)

For these maximum and minimum values of ¢ (i.e. tg and t,), the singularities are never en-
countered.

3.3 Invariant distribution do/dt

The Lorentz invariant differential cross section do/dt is very useful because it represents the
complicated, non-invariant angular distribution in a very simple way. This subsection develops
explicit formulas for this invariant cross section. Equation (11) is used to calculate the invariant
distribution do/dt. The total cross section o is determined by integrating do /dt over the range
t = [to,tx], with tg and t, given by (56). The exchange particle is the 7°. By setting the
mass my4 = ma, the mass of the A particle, we generate results for the reaction pp — pA™.
For the reaction pp — pp, results are obtained by setting m4 = m,, the mass of the proton.
Figure 4 plots do/dt at s = 2Sthreshold- Lhe shape of the plot agrees with Reference [20] (figure
4.8). The t and u singularities are prominent at the left and right extremes of the plot. The
direct and exchange terms are plotted separately in figures 5 and 6. The total cross section at
2Sthreshold 1S 0(28¢) = 40.2605 mb. The total cross section o is plotted in figure 7 as a function
of s, and has a maximum of ~ 90 mb. Since the range of integration lies between the ¢ and
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u singularities, the Mathematica function Nlintegrate is able to integrate the curve as a single
piece, unlike the case involving do /d€23;qp (see section 3.6), where the singularity at fpeax requires
piecewise integration. o goes to zero at Sinreshold- AS S increases, o rises to a peak and then
slowly diminishes with increasing s. These characteristics of the shape of the curve predicted
by the scalar ABC theory agree with experiment as seen in reference [21] (figure 40.11).

p+p->p+A" (S = 2 Sthreshol d)

140
120
100
dt 80

40
20

o5 -4 -3 -2 -1 0
t (GeV?)

Figure 4: Differential cross section do /dt.

Direct term p+p->p+A" (S =2 Sthreshold)

120
100

-5 -4 3 -2 1 0
t (GeV?)

Figure 5: Differential cross section do/dt direct term.
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Exchange term p+p->p+A" (S =2 Sthreshold)
150/ | | | | | |

125
do 100

b 75
2

Figure 6: Differential cross section do/dt exchange term.

p+p->p+A*
80+
60f
o(nmb)
40+
20+
Ot ‘ ‘ ‘ ‘ ‘
5 6 7 8 9
s (GeV?)

Figure 7: pp — pA™ total cross section.

3.4 Angular distribution do/dQ2. and ¢ in cm frame

The angular distribution in the cm frame will be developed in this subsection. For the 2 - body
reaction 1+ 2 — 3 + 4, the angular distribution in the cm frame is given by equation (44),

do B S A34 9
A 64725\ A2 M|
1 do

= —/Aad3g — 149

dms ¥ 12 o (149)
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with

1
t = m% + mi + % |:—\/()\12 + 4sm%)()\34 + 4sm?l) + v/ A12A34 cOS Oo4c | . (150)

See equation (45). In the cm frame, the angular distributions of particles 3 and 4 are equal [10],
ClO’/CngC = dO’/dQ4C . (151)

Since both forms of the angular distribution above are functions of ¢, either may be used in
conjunction with the expression t(624.) to give do/dQc as a function of 0a4.. The exchange
particle is the 7°. By setting the mass m4 = ma, the mass of the A particle, we generate results
for the reaction pp — pA™. For the reaction pp — pp, results are obtained by setting m4 = m,,
the mass of the proton. In figure 8, the plot of do/dQy. at s = 2S¢nreshold €xhibits a similar shape
and the same symmetry as the plot of do/dt, noteworthy since one is a function of 6 while the
other is a function of ¢. Evaluating do/d24. at € = 0 and 6 = 7 gives

d b

dQZC(s = 25,0 =0) = 318.376 n;—r , (152)
d b

dQZC(s =2s,0=7) = 318.376 HslT . (153)

The total cross section o is found by numerically integrating do/d€4. over all possible final
state angles 0 = [0,7]. At s = 2s;, o(s = 2s;) = 40.2605 mb, which matches the previous
result found by integrating do/dt. Figure 9 shows the total cross section o(s) over the range
S = [Sthreshold, 2Sthreshold]- Lhe plot is identical to the plot resulting from the integration of
do/dt, as expected since total cross section is invariant.

p+p->p+A" (S = 2 Sthreshol d)

140
120
100

do 80
(nb/sr)
dcm 60

40
20

0 0.5 1 1.5 2 2.5 3
Bcm(radi an)

Figure 8: Differential cross section do/dQyc.

25



p+p->p+A°

80
60
o(nmb)

407

20t

0t ‘ ‘ ‘ ‘ ‘
5 6 7 8 9

s (GeV?)

Figure 9: Total cross section o.

3.5 Spectral distribution do/dF3; in the lab frame

In this subsection, the spectral distribution do/dEj3; is derived from the invariant distribution
do/dt by expressing the invariants ¢t and u in terms of the energy F and kinetic energy T,
respectively (see Section 2.3.3). The formula is [10]

do do do

with t given by equation (37). The exchange particle is the 7°. By setting the mass m4 = ma,
the mass of the A particle, we generate results for the reaction pp — pA™. The results for the
reaction pp — pp may be obtained by setting m4 = m,, the mass of the proton. The differential
cross section do/dEy is plotted at s = 2Sthreshold- See figure 10. Note that in reference [10], it
was shown that dFEg; = —dEy and d13 = —dTy. Therefore, plotting do/dEy is equivalent to
plotting do/dEs3;. The plot range is found by inverting the formulas for ¢ and w as functions
of energy and evaluating them at tg and ¢,. The plots have the characteristic horseshoe shape
of the invariant distribution (which is plotted as a function of t). The total cross section is
determined by numerically integrating the spectral distribution, and is plotted as a function of
s over the range Sthreshold 1O 2Sthreshold- At § = 2Sthreshold, the total cross section

o(2s¢) = 40.2605 mb (155)

is identical to the value determined using the invariant distribution. Note that the two-body
lab frame spectral distribution in equation (154) does not possess any singularity. Also, recall
that a two-body cm frame spectral distribution is impossible to form because the cm energy of
the final state particles are fixed [10]. In figures 4 and 5 of reference [22], Murphy, Dermer and
Ramaty present cm and lab frame spectral distributions for the reaction p+a — 7%+ X. These
are very useful data for future comparisons to theoretical models. Both spectral distributions
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are finite and well behaved over the entire range of pion energy. However, the results above do
not apply to this data because the reaction p + o — 7° + X is at least a 3-body final state.

p+p->p+A" (S =2 Sthreshol d)

1200

1000

do 800
dE

(b, 600

GV 400

200

1 1.251.51.75 2 2.252.52.75

Esran [GeV]

Figure 10: Differential cross section do/dEy;.

3.6 Angular distribution do/df3 in lab frame

The angular distribution is required in the lab frame for space radiation studies. This is devel-
oped in the present subsection. The angular distribution do/df23 may be expressed in terms
of the cm distribution do/d€2s.. This is achieved by expressing t in terms of E3;, and Es; in
terms of fs;. The exchange particle is the 7°. By setting the mass m4 = ma, the mass of the A
particle, we generate results for the reaction pp — pA™. The results for the reaction pp — pp
may be obtained by setting m4 = m,, the mass of the proton. For the reaction pp — pA™ with
particle 3 the A™ particle, the energy Es;(f3;) is a double valued function, except at Opeax where
the two energy roots are equal. In figure 11, the two E3; roots are plotted piecewise together and
join smoothly at fsj,c.x forming a single curve. E3poot1(0) forms the upper part of the curve,
while E3proot2(0) forms the lower part of the curve. Since E3iroot1 (Opeak) = E3iroot2(Fpeak)s Opeak
is found by setting the square root term in the numerator of (51) equal to zero and solving for
6. The slope of E3; goes to infinity at f,c.c. This causes a singularity in do/d€3; at Opeax. The
presence of the singularity is demonstrated by expressing do/d€2s; in terms of dFE/d#,

do do B do 1 dE

dQs  d(cosf)dp  dE (—sinf) do df

(156)

do/dEs is continuous over the allowed range of Fs; (and corresponding range of 6), and
1/sinbpeax is finite at Opeax, whereas dE/d0 — oo at Opeax. Physically, a narrow detector
situated at an angle 0 < 0,cqc Will detect particles at two energies. The double valued nature
of E3;(0) necessitates that do/d€3; be evaluated in two parts, one part as a function of Espoot1,
the other of Esjoot2. do/dS2s; is the sum of the two parts. This process represents the adding
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together of the contributions to the differential cross section of distinct states, which are physi-
cally distinguished by their different energies. The cross sections are added together only after
their respective amplitudes are squared. In figure 12, the plot of do/d€23; shows the singularity
at O3ipeax =~ .744. The partial cross section Ao is defined to be the cross section integrated over
a finite small angular range. In figure 13, the detector plot shows the partial cross section Ao
seen by a narrow detector of angular width A8 = .01745, positioned at angles f3; ranging from 0
to 031peak- The plot reveals an increase in the partial cross section near f3;,6qk. The relativistic
kinematics predict a bump in the lab angular distribution in the vicinity of f3;pcak. The plots
of t and w as functions of 3; support the discussion about direct and exchange terms in section
2.3.1. For a given angle 03 and energy F3;, there corresponds two unique values of ¢, and of w.

E3l vs &3

E3I

1.5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
63 (rad)

Figure 11: Energy Fs5;(03;). Upper and lower parts of the curve correspond to E3; roots 1 and
2, respectively.

3.6.1 Relation between cm and lab angles

In the cm frame, particles 3 and 4 exit from the collision in opposite directions, at angles ranging
from 0 to 27. Angles are measured with respect to the collision axis (particle 1 moves parallel to
the collision axis in both frames, particle 2 is at rest in the lab frame but moves parallel to the
collision axis in the cm frame). Due to symmetry about the collision axis, only angles between
0 and 7 need be considered. When viewed from the lab frame, the exit angles of particle 3
and 4 differ from the cm angles as shown in figure 14, where cm angles are transformed into
corresponding lab angles. The difference in angles between the cm and lab frames is due to the
relative velocity of the two frames, which affects the component of particle momentum along the
collision axis, but not the component transverse to the axis. Also, see figures 15 and 16 which
show the Mandelstam variables as a function of lab angle.

For the reaction p +p — p + AT, with particles labeled 1 + 2 — 3 + 4, the velocities of
initial state particles 1 and 2 in the cm frame are equal and opposite, and the velocity of particle
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Figure 12: Differential cross section do/ds;.

p+p->p+A" (S = 2 Sthreshol d)
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Figure 13: Detector partial cross section.

2 is equal to the velocity in the lab frame. In the cm frame, the momenta of the final state
particles 3 and 4 are equal and opposite, but the velocities differ, thus the speed of the lab frame
may be less than or greater than the speed of a final state particle. For the case of particles 3
and 4 exiting along the collision axis (with angles of 0 and ), this means that in transforming
angles from cm to lab frame, the direction of a particle may be reversed (the particle with angle
O, = 0 in the cm frame may have angle ;,, = 7 in the lab frame). For all other angles, the
transform from the cm frame to the lab frame reduces the angles, that is 6;4, < 0.,,. The effect
of transforming the angles on the angular distributions is seen by comparing figure 8 with 12.
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Figure 14: Angles 0314, and 0454 versus Ocp,.

t as function of 63
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Figure 15: Mandelstam variable ¢ as a function of 63;.

3.7 Calculations for zero-mass exchange particle (Rutherford scattering)

Previous sections were concerned with massive particle exchnage. In this subsection, it is shown
how to handle massless particle exchange. In Rutherford scattering, for the case of initial and
final state particles having the same mass, the exchange particle has a mass m = 0, and the
coupling is electromagnetic with coupling constant gy,yn = «a (in place of the pion coupling
constant grnyn). The exchange particle is the photon v with mass m = 0. For pp — pA
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u as function of 63
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Figure 16: Mandelstam variable u as a function of 3.

(non-Rutherford), evaluating do/dt at tg and ¢, at § = 2Sthreshold gives

do

o (5 = 2Sthresholds t = o) = 7.59 Gov?’ (157)
do b
(s = 2tneshona, t = tn) = 7.5 GZVQ (158)

For pp — pp (Rutherford), these cross sections are infinite due to the ¢ and u singularities
at t = tg and t = t;. The physical explanation of this is that scattering always takes place
when there is a potential of infinite range. Figures 17 and 18 plot the differential cross sections
do/dt and do/dQe, for pp — pAT. Figures 19 and 20 plot the differential cross sections for
pp — pp. Figure 21 plots the total cross section for pp — pA™ (non-Rutherford). For pp — pp
(Rutherford), the total cross section is infinite, in agreement with the classical result.

3.8 Comparison of cross sections

In this subsection, different forms of the cross section will be compared. The relative strengths
of interaction processes pp — pp and pp — pA™, both for massive and zero-mass exchange
particles, are shown by comparing plots of the cross sections. For Rutherford scattering, the
total cross section is infinite and cannot be plotted. Figure 22 compares plots of total cross
sections for the elastic pp — pp and inelastic pp — pA™ processes involving a massive (pion)
exchange particle, over the energy range Sihreshold tO 2Sthreshold- Lhe elastic process dominates
at low energies. Figures 23 and 24 plot the invariant cross sections of the elastic process pp — pp
for massive (pion) and zero-mass (photon) exchange particle. Judging by the vertical axis scales,
the strength of the pion process is many orders of magnitude greater than the photon process
over the valid range of variable ¢. The plots are limited in height, and do not reveal the full story.
The Rutherford invariant cross section goes to infinity at the limits ¢y and t¢,, whereas the pion
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Figure 17: Invariant differential cross section (non-Rutherford).

p+p->p+A" (S = 2 Sthreshol d)
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Figure 18: do/dQc, Differential cross section (non-Rutherford).

invariant cross section is finite at the limits, do/dt = 37.7 mb/GeV?. Similar statements apply
to the cm frame angular distributions, which are closely related to the t distributions since ¢
varies linearly with cos 6. See equation (45). For most of the allowed range of angles 0 to , the
angular distribution of the pion process is many orders of magnitude greater than the photon
process. However, at angles 0 and 7, the Rutherford angular distribution goes to infinity. This
is apparent by equation (81).
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Figure 19: Invariant differential cross section (Rutherford).

p+p->p+P (S = 2 Stnhreshol d)
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Figure 20: do/d)c, Differential cross section (Rutherford)

4 Scattering for 3 - body final states

In this section, the formalism for describing 3 - body final state reactions will be presented.
Cross sections will be calculated and special attention will be paid to the intermediate resonance
formation and decay. Approximate techniques for handling resonance decay will be introduced.
These results are important because many space radiation reactions include three or more bodies
in the final state. The reaction

NN — NN~ , (159)
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p+p->p+AT
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s (GeV?)

Figure 21: Total cross section (non-Rutherford).

pp 5> pp vs pp 5 pa*
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Figure 22: Comparison of elastic and inelastic total cross sections. The steadily falling cross
section is elastic, and the cross section which rises and then falls is inelastic.

proceeds through A resonance formation
NN — NA — NN . (160)

The Feynman diagram for this reaction is shown in figure 25. Thus, the reaction proceeds in
two steps, namely

NN — NA | (161)
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Figure 23: Invariant distribution for pp — pp by pion exchange.
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Figure 24: Invariant distribution for pp — pp by photon exchange.
and

A — Nr . (162)

4.1 Amplitude for A resonance formation and decay

An essential piece to the calculation of 3 - body final state cross sections, is the amplitude for
resonance formation and decay. This is considered in the present subsection. The amplitude for
the reaction in equation (159) is written in terms of the amplitudes in equations (161) and (162).
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Figure 25: The Feynman diagram for the reaction NN — NA — NNm. Note the labeling of
the particle numbers. The initial state nucleons are labeled as particles 1 and 2. The final state
nucleons are labeled as particles 3 and 5. The intermediate A state is labeled as particle 4, and

the final produced = is labeled as particle 6.

Consider the complete reaction NN — NA — NNz. The Feynman diagram is illustrated in
figure 25. Using the Feynman rules for ABC (scalar) theory gives the amplitude

iM(2m)*6* (p1 + p2 — p3 — p5 — pe)
= (—igenn)(—igena)?(2m) 6% (p1 — p3 — ¢x)(27)" 6 (gr + P2 — qa)(27)*6% (g2 — P5 — P6)

1 1 7 7
d*q, d*
- <2w>4/ ¢ <27r>4/ B TmE g mi
= (—igann) (—igrna)?(2m) 6% (p1 — p3 + p2 — qa)(2m)*6* (ga — P5 — D6)

X

/d4q i ?
A
(2m)* (p1—p3)? —mZ g —m}
= (—igann)(—igrna)?(2m) 6% (p1 — p3 + p2 — p5 — P6)
) 7
, 163
(p1 —p3)? —m2 (ps —pe)? — mi e

X

which reduces to

iM(14+2—3+5+6)=iM(NN — NNr)
(with ¢ = p1 — p3 and ga = p5 — ps).

(164)

= (—igrnn)(—igrna)? ,
" " g2 —m2 ¢ —mi
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Now consider the simpler reaction NN — NA. The Feynman diagram is illustrated in figure

26. The amplitude is

iM(27m) 0% (p1 + pa — p3 — pa)

= (—igrnN)(—igana)2m) 6 (1 — p3 — x)(27) 6 (qn + P2 — p1)

1 )
X g ———
<27r>4/ g —m2

7

= (—igznn)(—igana)(2m) 6 (p1 — p3 + P2 — p4) (

which reduces to

iM1+2—-3+4) =iM(NN — NA)dLips

1

= (—igxNN)(—igzNa) m ) (with ¢r = p1 — p3).
Ps =04
____+ _____
0=d,

P=Pn

Figure 26: The Feynman diagram for the reaction NN — NA.

Now consider the decay A — Nw. The Feynman diagram is illustrated in figure 27.

amplitude is
. 44 . 44
iM(2m)%0% (pa — p5 — p6) = (—igrna)(2m)0" (pa — P5 — Ds) ,
which reduces to
iIM(A — N7) = —igrna -

Combining the above equations (164), (166) and (168) gives

iM(NN — NN7) = iM(A — N7) ———
A = MA

37

p1—p3)?—m2’

iM(NN — NA) .

(165)

(166)

The

(167)

(168)

(169)
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Figure 27: The Feynman diagram for the decay A — N.

Thus,

1
m ‘M12—>34’2 . (170)

The equations (169) and (170) express the amplitude of the complete process in terms of the
sub-processes.

|IMia_3s56]* = |Ma_s6/?

4.2 Cross section for resonance formation and decay

The amplitude of the preceding section is now used to determine the cross section. In the
following discussion, all statistical factors are S = 1. Note that for NN — NNx, § = 1/2.
From reference [10], the cross sections are

do(1+2—34+5+6) = %’M12—>356’2(27")4d@3<])1 + P25 P3, D5, D6) (171)
and
do(14+2—3+4) = $|M12H34|2(27T)4d‘1)2(171 + p2;p3,P4) - (172)
The phase space factor d®,, is given in reference [10]. From reference [10], the decay width is

1
dl'(4 —=5+6) = TW|M4—>56’2(27T)4C@2(294;p5,p6) - (173)

From reference [10], the phase space recurrence relation is

d®s(P;p1,p2, p3) = d®a(P; q, p3)d®2(q; p1,p2)(27)3dg® (174)

giving the phase space factor in equation (171) as (see proof in Section 4.4),

d®3(p1 + p2; p3, Py P6) = AP (p1 + pa; pa, p3)dP2(pa; ps, pe) (2m)>dp] . (175)
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Substituting equations (170) and (175) into equation (171) gives

1 1
do(12 — 356) = — My 56> —5——5 |[Mi2_34|?(27)*
AF (7 —mi)?
xd®y(p1 + pa; pa, p3)dPa(pa; ps, pe) (2) dp;
= do(12 — 34)——dI'(4 — 56)————(27)°dpj] , 176
( )(%)4 ( )(piimz)g( )*dpj (176)
or
do(12 - 356) = do(12 — 34) dD(4 — 56) % —— dp? . (177)
™ (p4 - m4)2

Integration of do and dI" gives

mal'(4 — 56)/m

(pf —m3)?

o(12 — 356) = /dpi o(12 — 34) (178)

De Wit [23] (p. 111) and Pilkuhn [18] (p. 36) have taken into account the decay width of the
intermediate A resonance by the substitution

1 ! (179)
— .
p?+m?  p?4+m?—iml
Here, T is distinguished from the I'(4 — 56) of equations (173) and (176) by
I'(4 — 56) = partial width, (180)
I' = total width, (181)

where the total width includes all possible decay paths. However, the propagators used in the
present work are defined with a different sign, and therefore the above substitution becomes
1 1

— y . 182
pﬁ — mi p?l — mi —1myl’ ( )

The square of a complex number is (z + iy)? = 2% + y? so that

1 1
, 183
W22 (i) 4 D2 (183)

The differential cross section in equation (177) becomes

my 1 2
do(12 — 356) = do(12 — 34) dI'(4 — 56) — dpy , 184
( ) = do(12 = B A= 56) T s i (184)
and the total cross section in equation (178) becomes
mal'(4 — 56) /7
12 —356) = [ dpio(12— 34 : 185
o(12 — 356) / py 0(12 — 34) (72 — m2)% + m2r2 (185)
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This can be re-written using [24]

o\ myl'/m
p(p”) = : (186)
(n? —m3)? + miI?

where 1% = p3, to give

I'(4 — 56)

o(12 — 356) = /d;ﬂ o(12 — 34) p(p?) T

(187)

Relabeling p? = z, the integral above is simply

1
/ T s 8 (188)

See section 4.2.2 below for an alternate derivation of equations (184) and (185).

4.2.1 Integration bounds on p?

In equation (185), the upper integration bound on the value of p? is imposed by +/s, the total
center of momentum energy of the interaction. In the reaction 12 — 34, the square of the total
center of momentum energy is given by

s = (p1+p2)” = (ps+pa)’
= mg + mi + 2E3E4 — 2p3 - P4
= m3+mj+2E3E, +2|ps|?, (189)
where p3s = —p4 and |py| = |ps| = |p4|. Equation (189) shows that for a given s, m? varies

with |[py|, and has a maximum value when |p¢| = 0, that is when all the mass and energy of
particles 1 and 2 go into the mass of particles 3 and 4, with no kinetic energy remaining. In this
case, B3 = ms, E4 = my, and equation(189) becomes

s = (mg+myg)?. (190)

Solving for my, and noting that p3 = m3
M4 max = \/g —ms3, (191)
LTmax — Pi = (\/g - m3)2 . (192)

The lower integration bound on the value of p? is imposed by the masses of the decay products
of particle 4. In the reaction 12 — 34 — 356, particle 4 decays by 4 — 56 into two real particles.
For particle 4 to decay into particles 5 and 6, the mass of particle 4 must be at least as great as
the sum of the masses of particles 5 and 6. Thus,

M4 min = M5 + mg . (193)
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This result can also be demonstrated as follows. In the rest frame of particle 4, the square of
the center of momentum energy is

s = mi=(ps+ps)°
= mi+mg+2E5Fs — 2ps - Pe
= m3 +mg + 2E5E6 + 2|ps|* (194)
where the last step follows from pg = —ps. The minimum value of my4 occurs when |ps| =

|ps| = 0, in which case E5 = mj and Eg = mg and equation (194) reduces to
mj = (ms+mg)*, (195)

which is equivalent to equation (193).

4.2.2 Alternate derivation of the cross section

An alternate, and better, derivation is now given. Equations (184) and (185) may also be derived
by starting with the Feynman diagram for the 3 - body final state (figure 26) and noting that
particle 4 is represented by an internal line (see Feynman Rules). This is a virtual particle whose
mass my4 can vary. Since particle 4 decays, it also has a decay width I'. The internal decaying
particle is described by the Breit-Wigner propagator [8] (p. 101), [16] (p. 163),

Propagator = ! (196)

p? —m2 —imgl

The amplitude M for the reaction 1+2 — 44546 is then determined by applying the Feynman
rules to figure 26, yielding

1 1 LY
2 2 3)2
= T . 1
|IM]| (9xNN Grna) (p3 — m%)% + (mal)? (t —m2 * u— m%) o)

Substituting the amplitude from equation (197) leads to equation (184), which may be expanded
to

S S
d0-124>456 = ( 34 ‘M12H34’2dt> (856|135||M4H56|2d95>

1671')\12 mi(zﬂ')2
my dp3
4 , 198
T 7 mA)E— (mal)? 1o
where
ma = /A resonance mass,
I' = A resonance width,
m2 = pi#mA in general,
1
psl = 5 V/mid+mid - mid — 2mZm? + mEm3 + mgm3) .
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The result for |ps| is taken from reference [10]. Ss4 and Ss¢ are the statistical factors associated
with the sets of final state particles (3,4) and (5,6), respectively. For the reaction NN — NA —
NN, both factors are unity. The integrals over dt and df2; are performed holding m3 constant.
Since I' is invariant (like rest mass, I' is a rest width), the integral over dl5 is most easily
performed in the cm frame for particle 4 and yields a factor of 4r. While the integral over
dt is independent of p?, the integration bounds ¢y and ¢, are functions of m2(= p?), so that
integration over dt must precede integration over p3.

4.2.3 Narrow width approximation

Consider the approximation of a narrow width. A narrow width (I' — 0) corresponds to a long
lifetime (7 — o00). The narrow width approximation allows equation (186) to be simplified. The
narrow width approximation gives [18] (p. 37)

Oz —m?) = lim p(x)
- mlli“rgo (z — mw;;/—t m2I2 "’ (199)
so that equation (186) becomes
o(12 — 356) = /d,u2 o(12 — 34) 6(p* — m?) F(4;56) , (200)
to finally give the cross section in the narrow width approximation [18] (p. 37),
(12 — 356) = o(12 — 34) LE=56) (201)

r
A further simplification is achieved if the partial width is nearly equal to the total width, i.e.

I ~T(4— 56). (202)
Then
(12 — 356) =~ o(12 — 34) , (203)
or
(NN — NN7) ~ (NN — NA) . (204)

This expression states that if the A resonance decays primarily to a particular final state N,
then the total cross section for m production is nearly the same as the total cross section for A
production. Since the calculation of the cross section of a 2 - body final state NA is simpler than
that of a 3 - body final state N N, equation (204) is a considerable simplification in calculating
the total cross section for m production.
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4.3 dLips formalism

In this subsection it will be shown how to develop useful formulas to handle Lorentz invariant
phase space. Note that the above is discussed by [18] (pp. 16, 18) who uses a formalism involving
the Lorentz invariant phase space dLips(p1,...pn). The result of Pilkuhn is easily shown to be
identical to the result obtained here. We have the definition [18] (p. 16)

dLips(p H 277)32E (205)
i=1

and

dLips(sipr...pn) = (2m)*6*(P = pi)dLips(p: ...pn)

454 o dBp
= (2m)'d®n(P;p1...pn) - (206)

The Pilkuhn recurrence formula is (with sy = ¢% = (p1 + p2)?)

dLips(s;p1,p2,p3) = %dLipS(S;Pd,p3)dLiP5(5d;p17p2)d8d
= (2m)*d®3(P;p1,p2,p3) = %(%)46@2(13;pd,P3)(27T)4d‘1’2(Q;p1,P2)dq2 , - (207)
or
d®3(P;p1, p2, p3) = (2m)°d®o(P; pg, p3)dPa(q; pr, p2)dg” (208)

in agreement with equation (175).
4.4 Proof of phase space formula
We now prove the phase space formula in equation (175),

d®3(p1 + p2; 3, Ps, pe) = dPa(p1 + p2; pa, p3)d®2(pa; ps, pe) (27)3dp] . (209)

The proof proceeds as follows [18] (p. 18). The various phase space factors are

d? P3 d3p5 d3p6
dd : = o —p3—
3(p1 +p27p37p5)p6) (pl +p2 p3 b5 — ) (27’[’)32E3 (277')32E5 (27T)32E6 ’
d*py dps
P ; = & —p1—
2(P1 + P23 P4, p3) (1 +p2 — pa — p3) (27 )32E; (27)32E; ’
d3p d3p
d®s(pa; ps,ps) = 6 (pa —p5 — ps) > 0

(271')32E5 (271')32E6 ’
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d3p refers to the volume element of a 3-vector and d*p refers to the volume element of a 4-vector.
However, when we write p? or dp?, then the p refers to a 4-vector, not a 3-vector! This is why
some authors [24] prefer to write dp? = du? where p is the mass, given by p? = u? = E? — |p|°.
Using the identity

1 = d*pad*(ps — p5 — ps) (210)
yields
d®3(p1 + p2; p3, ps,p6) = 0 (p1+p2 — p3 — ps — ps) (Qg%
Xd'ps ' (ps = ps — o) (27?;5251575 (2:;?]»9261576
d*ps

= 6*(p1 +p2— 3 — ps — D6) ( d*py d®2(pa; ps, pe) -

27)32F

Now using the result 1 = §(z — a)dx or

1= 6(pi — sa)dp} (211)
with [24] (equation 14), [18] (p. 15),
sq¢ = (ps +p6)2
(Es + Ee)> — (ps + ps)” (212)
gives
d*py = d*pad(pi — sq)dp;
d3p4 2 3 d3p4 9
_ — 21
2E4 dp4 ( ) (27T)32E4 Pyq s ( 3)
where we have used the result
d3p
— L =5(p —mP)dp. 214
5p = 0w —m)d’p (214)

Thus, the above phase space factor becomes

d3ps d3py
27 )32E; (27)32E;

d®3(p1 + pa;p3, ps,06) = 0% (p1+p2— D3 — pa) (

xdp; d®s(pa; ps, pe)
= d®y(p1 + p2; pa, p3)dPa(pa; ps, pe) (27)dp3 (215)

which is the desired result.
The equation (214) used in the preceding step is derived as follows. Differentiating p? =
E? — p? gives

d'p=dE d°p . (216)
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Expanding 6(p? — m?)d*p gives
5(p* — m?)d'p = §(E? — p* — m?)dE d°p . (217)

Applying the formula

1
J'(E)

S(f(E)) = Z §(E - E;), (218)

with f(E) = (E 4+ /p? + m?)(FE — y/p? + m?), and keeping only the positive E root, gives

d3
5(p? — m2)d'p = 6(E — \/p2 + m2)dE 275 . (219)
Integrating over dFE cancels the delta function, leaving
d*p 2 2\ 74
- — . 22
5 = 0" —m7)d’p (220)

5 Conclusions

We have presented some applications of a scalar quantum field theory method by considering
massive particle exchange, and we have calculated differential and total cross sections for elastic
and inelastic processes. The use of Mandelstam variables makes the mathematical expressions
much simpler. The cross section formulas are all obtained in closed form and are compact
and simple. The cross sections display typical behavior of elastic and inelastic processes. The
theory only includes the lowest order terms. At larger energies, higher order terms are expected
to contribute. However, these complications may sometimes be circumvented by appropriate
adjustment of parameters, such as the coupling constants. The theory developed herein will be
useful in calculating cross sections for production of all types of hadrons, if the effects of spin
can be neglected. These cross sections can then be included in space radiation transport codes.
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